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A STEFAN-TYPE PROBLEM CONCERNING LIQUID
FILTRATION IN A CRACKED-POROUS BED

V. S. Nustrov and A. V. Plastinin UDC 532.546

Approximate solutions are constructed for a problem on the motion of a crack closure front in an elastically
deformed cracked-porous bed.

A strong nonlinear dependence of effective parameters of a medium on its stress state and the liquid
pressure is characteristic of filtration processes in cracked-porous media [1]. Therefore, with decreasing bottom
pressure near a well, a zone with closed cracks [2] with a moving front can appear.

The problem of the motion of a crack closure front was considered for the first time in [3]; there, the
authors used one equation for the Leibenzon function with different bed parameters before and after closure of
cracks. A quasistationary analysis of this process within the framework of a modification [4] of the interpenetrating
continua model [5] has been carried out in {6]. In the present work we have constructed asymptotic solutions to
the problem of the motion of a crack closure front for the case of a deformable medium under the conditions of
hydrostatic uniform compression with stress o. The solutions are also valid with arrangement of all the cracks in
one plane (this is typical for sedimentary rocks); here o is the stress normal to this plane.

1. The filtration process within the zone of open cracks is described in dimensionless form by the equations
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At p; =< 0 the cracks are closed and liquid filtration occurs only over blocks in accord with the equation
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At the boundary x, = x,(1) between the zones of open and closed cracks the conjugation conditions [7]
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are satisfied. The last two conditions signify here the equality of flows over the blocks from the left and the right
of the front x, and nonseepage of liquid through the cracks.
We restrict our consideration below to the case of planc-parallel filtration to a gallery.
We pass to a system of coordinates fixed at the moving front of crack closure by means of the substitution

(PI = 0, ‘Pz_ = (P_Qi-v

=0. (1.3

E=x—ct. (1.4

The order of magnitude of ¢ in (1.4) is important for subsequent considerations.
In the stationary case, the small parameter ¢ in (1.1) indicates [7] the existence of a boundary layer near
the crack closure front. It is natural to expect that the boundary layer exists also during front motion, and on the
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basis of this we may use asymptotic methods for constructing the solution [81]. In the case of finite values for c,
after substitution of (1.4) in (1.1) and (1.2), it follows from the equations for internal expansion of the solutions,
obtained as a result of the substitution

E=nel/2, 1.5
that in the first approximation d¢'{ /dn = 0. Thus, liquid filtration over the blocks at the crack closure front is found
to be negligibly small; this finding contradicts the essence of the process under consideration. In addition, a
comparison between the results of a depletion process simulation [3], based on introduction of the crack closure

front, and known experimental data for a number of deposits has shown that the front moves rather slowly. Relying
on this fact, we may assume in (1.4) that

€= coel/2, (1.6)

As a result of the substitution (1.4), under condition (1.6), Egs. (1.1} and (1.2) take the form

— acye!2depy /dE = gd?eiIdE + ¢F — @y, E>0, .7
— coe'/2dgd 1t = egd?eF/dE — of + ), E>0, (1.8)
— cody [dE = e/ 2gd?p; JdE?, &< E<O, (1.9)

where &y = -ct is the location of the gallery with respect to the crack closure front at the moment t. We add
immediately that for a finite bed with length [ the location of its external boundary relative to the front at the
moment t is &; =/ - ct. Conditions (1.3) are fulfilled now at £ = 0.

The system of equations (1.7), (1.8) has the first integral
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which is used below instead of (1.7).
2. We consider filtration in the infinite bed. For the initial pressure <p0 =1 we find from (1.10)

A=eli2 (1 + a).

The solution to the system of equations (1.8), (1.10) is constructed by the method of joined asymptotic
expansions [8]. The zeroth approximation for the external expansion has the form

‘p}.: (}‘;-=By (2'1)

where B is a constant.
To construct the internal expansion, we substitute (1.5) into (1.8) and (1.10). Equation (1.8) takes the
form
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From (1.10), using the last of conditions (1.3), in the first approximation we find dpi/dy = 0. In the second
approximation we obtain the equation

gdqf;}dn + ¢ (‘P—; +ag) = ¢ (1 +-a). 2.3

The solution to the system of equations (2.2), (2.3) has the form
P = 1 + Cyay exp (Am) + Comty exp (A1),

(Pg—=1 + Cyexp (M) + Caexp (Agm),
2.4
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where 41>0, A;<0.
From the conditions of joining (2.1) with (2.4) we find B = 1, C; = 0. Using the conjugation conditions
(1.3), we obtain

Co=—a3 ', D=ghylons), E=1+a.

The solution of Eq. (1.9) has the form

@2 = E + Dexpl— c,&/(ge!/?)]. 2.5
Arguments similar to those given above can be made for any initial bed pressure <p0. In this case the
solutions tor the system of equations (1.8), (1.10) and Eq. (1.9) are written in the final form
91 (B) = [1 — exp (A.E/e!/2)]g0,
3 (B) =[1—o3" exp (h¥/e!/2)] ¢, (2.6)
@2 () = 1 + @+ (gha/(co0s)) exp (— co¥/(ge! /2))] ¢°.

The velocity of motion of the crack closure front is found from the condition at the gallery

P2 =@, E=§ Q.7
or

egdes /dE = ¢, §= &, 2.8)
In the general case it is impossible to obtain an analytical expression for the velocity. For a << 1 and under

the condition (2.7) we have
= gt-1In (1 — go/9Y). 2.9

With increase in time the motion of a crack closure front in an infinite bed is retarded. The law of front motion for
a << 1 in the first approximation has the form '

¥x = getIn (1 — gy/g?). (2.10)

Analogously, xf ~ ¢t in the quasistationary solution [6 ]; however, the dependence of x4 on the bottom pressure, in
contrast to (2.10), is a directly proportional one.
We consider the moment of crack closure at the gallery. From (2.6) and (1.3) we find

9z (0) = 1 —az' <0,

which is easy to verify. At the same time at the gallery we must fulfill the condition ¢3 (0) = ¢1(0) = 0. Physically
this means that at the moment of formation of the crack closure front at the gallery the bottom pressure falls
abruptly; this fact agrees with the numerical calculation results [9].

3. We consider the depletion process for a unit-dimensional bed when the gallery operates with the constant
debit q. The constructed solutions (2.6) satisfy the depletion conditions

do,/dE = deod/dE = 0 3.1

only at §-»«. We try to use solutions of the form (2.6) for the depletion process simulation for the finite bed,
satisfying (3.1) approximately and assuming that

do3 /dE =y L1 E=8, (3.2)
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Fig. 1. Time for the front to traverse the deposit; g=1; e=0.01: a=0.1 (1), 1
2), 10 (3.

Fig. 2. Motion of the crack closure front under depletion conditions; g=1; ¢ =
0.01:a=0.1 (1D, 1(2), 10 (3).

where &; is the bed contour location with respect to the crack closure front. Since from (2.6) it follows that
dp,/dE < dgof /d§ for any &, then

dey/dE < y.
Using conditions (3.2) together with the expression for go{ from (2.6), we find the expression for the current
contour pressure in terms of the initial one

@0 = §exp (— A5e1/2),
3.3)

§= (@) C, Ao/ (Cshy)) EXPTMS‘/ %),
where a bar denotes the initial value of the corresponding parameter. From the boundary condition (2.8), formed
for the function ¢; from (2.6), we obtain, using (3.3),
Bl = —g (e"/21Ind — Ay) (co -+ gha)1,
d = 8e'/2ghalq (ghalcy + 1)L

The front reaches the deposit boundary when 1&y! = 1. Using (3.4), we find the velocity of its motion at this moment

3.4

Co = — Ghn, (3.5

where A3 is uniguely defined by the initial conditions of the process.
Using (3.5), the time t = T for the front to traverse the deposit is determined by the expression

T = — (ge!/2h,) 1. (3.6)

Omitting the calculations, we give the asymptotics of expression (3.6) for a << 1 in dimensionless time and
dimensional time €2:

T ~'¢%q, Q= L2¢%(x,q), G.7)

where L is the dimensional length of the deposit, and «; is the piezoconductivity of the cracks at maximum
penetration. Using (3.7), we may estimate the time for the front to traverse the deposit. For example, for L = 500
m, k1 =1 m?/ sec, and 300/ q= 10 the time for the front to traverse the deposit is Q = 580 day. _

The dependence of the time T for the front to traverse the deposit on the parameter 50/ g, calculated using
formula (3.6), is shown in Fig. 1. With increase in the parameter a, the time T increases. The dashed part of the
curves is drawn arbitrarily, because for small values of the parameter 50/ g, which correspond to low initial contour
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Fig. 3. Motion of the crack closure front; g=0.1;¢=0.01: 1) head conditions; 2,
3) infinite bed, a=10 (2), 1 (3).

Fig. 4. Pressure distribution over the bed; g=1; £=0.01; c=0.01; pg=-2.25: 1)
in cracks; 2) in pores.

pressures or to large bottom debits, the technique presented is not applicable since condition (1.6) ceases to be
fuifilled. We note, however, that for a real range of variation in the initial parameters the dimensionless debit values
are q ~ 10'2—10‘3, and the initial contour pressures are 0.1 < <p0 < 1. Thus, 900/ q~ 10-10% and there is no meaning
considering too small values of the parameter g—oo/ q. The numerical calculations given in Fig. 1 were carried out for
2°/q = 5.

Figure 2 shows an example of the motion of the front x. = x4(t). As the deposit boundary is approached,
the front velocity increases; this is in agreement with the conclusions drawn in [3].

4, Let us consider extraction of liquid from a bed at whose boundary the constant pressure (po =1 is
maintained. In the integral (1.10) the right-hand side now is

A = 0081/2 (1 _{'_ a) + gq (gl)v

where q(&)) is the liquid inflow at the boundary, which has a finite value. Due to this, the zeroth approximation of
the external expansion for the solution to the system of equations (1.8), (1.10) has instead of (2.1) the form

=i =@t + B a=9E). @.1)

The internal expansion of the solution in the form (2.4) does not join with (4.1), and therefore, the
procedure of its construction must be changed. Retaining the correspondence to the physical process and taking
into account that near the closure front the pressure in the cracks is small, we shall seek the zeroth approximation
of the internal expansion in the form

/n

P = (P1o"3l ) (Pg— = (Pjo, (4.2)

where @19, p30 have finite values.
Omitting the calculations, we present the final form of the solutions to the system of equation (1.8), (1.10):

07 = & + By — C; (Col(@hs) — 1) exp (MoT/e72),
03 = (@:& + B)! /" + Cyexp (hoF/e!/2), 4.3)
by = —ol(28) — [(co/(28))* + £711'/2, 0<E<E, _

The solution to Eq. (1.9) is described as before by expression (2.5). The integration constants are found from
boundary conditions ¢; = ¢35 = 1 at £ = &;, conjugation conditions (1.3), and integral (1.10):
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From the boundary conditions at the gallery we may obtain equations analogous to (2.9), (2.10) for
determining the motion of the crack closure front. Not dwelling on this, we note that at constant bottom and contour
pressures the process becomes stationary as t-> and the front has some limiting position x, = x°. The stationary
solution to the system (1.8), (1.10) and Eq. (1.9) is found as the asymptotics of functions (4.3), (2.5) at cp—>0,
using which we obtain the value of x¥;

X0 = — [(eg)'/? + &@o] (o — 1)L (4.4)

A value x° > 0 is reached when po < (g/ 8)1/ 2 The result (4.4) corresponds to the conclusion that in the stationary
case the front is removed from the gallery a distance of the order of e/ 2, obtained in [7]in analyzing stationary
filtration.

The motion of the front x4 = x4 (1) is shown in Fig. 3. Unlike the depletion conditions, the velocity of the
motion decreases with removal of the front from the gallery for an infinite bed and vanishes as t>o under head
conditions.

An example of the pressure distribution in the bed under head filtration conditions is presented in Fig. 4.

NOTATION

¢, X, t, dimensionless pressure, coordinate, time; &, dimensionless coordinate in the frame of reference
associated with the crack closure front; &g, &1, coordinates of the gallery and the bed contour; e, ratio between the
maximum penetrations of cracks and blocks; g, parameter of system (1.1); a, ratio between the elastic capacities
of cracks and blocks; c, velocity of the crack closure front; q, dimensionless debit; g, goo, bottom and contour
pressures; X, coordinate of the crack closure front. Subscripts and superscripts: 1, 2) cracks and blocks,
respectively, +, -) zones of open and closed cracks.

REFERENCES

1. V. N. Nikolaevskii, K. S. Basniev, A. T. Gorbunov, and G. A. Zotov, Mechanics of Saturated Porous Media [in
Russian ], Moscow (1970).

2. Sh. K. Gimatudinov (ed.), Handbook on Design, Development, and Working of Petroleum Deposits. Petroleum

Extraction [in Russian ], Moscow (1983).

M. G. Alishaev and N. Sh. Khayreddinov, Izv. Akad. Nauk SSSR, Mekh. Zhidk. Gaza, No. 6, 78-83 (1985).

Yu. A. Buevich, Inzh.-Fiz. Zh., 46, No. 4, 593-600 (1984).

G. 1. Barenblatt and Yu. P. Zheltov, Dokl. Akad. Nauk SSSR, 138, No. 3, 545-548 (1960).

V. S. Nustrov and A. V. Plastinin, Izv. AN SSSR, Mekh. Zhidk. Gaza, No. 4, 98-104 (1991).

Yu. A. Buevich and V. S. Nustrov, Inzh.-Fiz. Zh., 48, No. 6, 943-950 (1958).

A. Naife, Pertubation Methods [Russian translation ], Moscow (1976).

D. V. Manakov and V. S. Nustrov, Inzh.-Fiz. Zh., 60, No. 1, 107-111 (1991).

PN AW

790



